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1. INTRODUCTION 
It is well known that for the initial value problem, y’ =f(~, y) with 
y(x,,) = y,, , the classical Nagumo condition, 
lx-xolIf(x,Yz)-ff(X,Y1)1 GClY,-YY,I, (1) 
implies uniqueness for 0 < C < 1. A classical example of Perron [l] shows 
that this result is the best possible in the sense that uniqueness does not 
necessarily follow if C > 1 with no further assumptions on f. 
Results of Diaz and Walter [2] h s ow that the characteristic boundary 
value problem, 
u %%I = f lx, Y, % % ,%) 
4x9 Yo) = 44, 
4% 3 Y) = T(Y), 
4%) = T(Yo>, 
has at most one solution if f satisfies the Nagumo condition, 
(24 
Pb) 
(24 
(24 
lx-% /Y-YYo!lf(X,Y,Uz,pz,qz)-ff(X,Y,U1,P1,Ql)l 
< 45 r) I % -~1I+s(~~Y)lPz-PlI fY(%Y)/Qz--Q 17 
with 
(3) 
+G Y) + B(x, Y) + Y(X, Y) = 1. (4) 
Walter [3] has shown that in the case that 01, 6, and y are all constants, the 
Nagumo uniqueness theorem is the best possible in the sense that if 
01 + /? + y > 1 then the theorem is false. 
* Currently Rensselaer Polytechnic Institute, Troy, N.Y. 12781. 
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The purpose of this note is to show explicitly that for the more restricted 
characteristic boundary value problem, 
u 3% = f(X, YY 4, (54 
4x, Yo) = 44, (5b) 
4x0 9 Y> = T(Y), (54 
4x0) = T(Yo) = 20 7 (54 
there need be no assumption of continuity on f, and the Nagumo coefficient 
may be greater than one provided the quotient 
f 6% Y2 4 
Nx - x0> (Y - ror 
has a limit for (x, y, z) approaching (x0, y, x0), y. <y <y. + b, or 
(5, y. , zo), x0 < % < x0 + a, for a fixed value of /3 to be specified. 
2. UNIQUENESS THEOREM 
Let a, b > 0 be given constants and let (x0 , yo) E R x R. Let 
f : [xo , xo + 4 x [yo , yo + 4 x R 
be real-valued and satisfy 
I~--oIIY-YoIIf~~~Y,~z~-ff(~,Y,~~~l~~C~Uz--~~I, (6) 
forallxo~x<xo+a,yo~y,<yo+b,-oz<~u,,u,<+co,withC 
a nonnegative constant. Let (x o, y o, x0) be defined as in (5a)-(5d). 
THEOREM. If 
f CT YP 4 
lim Fx - xo) (y - yo)p= 
with y. < 7 < y. + b and as 
x0 + a, then there is at most one function 
u E C{[x, , x0 + a] x [y. ,yo + b]} which satisfies (5a)-(5d). 
Remark. If C = 1 in (6) then the assumption in the theorem becomes 
merely that f have a limit at (x0 , y, zo) and (5, y. , zo) for x0 < f < x0 + a 
and y. < y < y. + b. This assumption is more familiar in the Nagumo type 
uniqueness theorem referenced above. 
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Proof of the Theorem. One may modify the proof of Diaz and Walter as 
follows. 
Assume u and 7~ are different solutions, and define a function 
F:[x,,x,+4 x [yo,yo+d+R 
by 
I 4x9 Y> - 4x9 Y)l 
F(x*Y) = [(x-xo)(y-yo)]~\/c’ for x0 < x < x,, $- a, y0 < y < y,, + b, 
F(x, y) = 0, if x = x0 or Y =yo* 
If 0 < C < 1 then the previous Nagumo theorem implies the result. 
For C > 1 one may prove that F is continuous as follows. 
Using an extended mean value theorem of Dobrescu and Sicolovan [4], for 
x0 <x andy, <y, 
I U(%Y) - +,Y)l _ I %I(~~ 7) - %Y(S~ 711 
F(xy y, = [(x - x0) (y - yo)p@ - C[([ - x0) (7j - yo)]dC-’ 
If (5, 79 4 - f (5, ‘I, “)I 
= CM - x0) (7 - Yo)P 
where x0 < [ < x and y. < 71 < y. Consequently, using the assumption in 
the theorem, 
and 
Then, since F is obviously continuous for x0 < x, y. < y, it is clear that it is 
also continuous on [x0 , x0 + a] x [ y. , y. + b]. 
Pursuant to the structure of the Diaz and Walter proof, let (&,, , vm) be a 
point where F(x, y) achieves its maximum under the additional condition 
that F(x, y) < F(5, , q,) whenever x0 + y. < x + y < 5, + rlrn with 
x0 < x < x0 + a, y. < y < y. + 6. Then, as before, 
If(t>%4-f&%4l c I 45 4 - 45 dl 
= C[(f - x0) (7) - yo)]dE-l G C[([ - x0) (7) - yo)]“‘” = FG 7). 
for some (5,~) with x0 < f < 6, and y. < 7 < qm . This contradicts the 
fact that there is no such point ([,?I * /I . 
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Added in Proof: For a more general theorem in the case of ordinary differential 
equations, see [5]. 
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